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Abstract

" Asingle stepsize. We run plain, unprojected TD(0) with
1

= C Timix P2/t + Llog(t + 3)
which Is independent of the curvature parameter w and is used for both convergence regimes.

= Simultaneous high-probability rates. For the Polyak-Ruppert average 8, the TD potential satisfies
£(0r) — £(6%) = 5<R2 min{Tr%lix¢io Tmix¢go}> |
max CUT ) \/T
Thus the same run attains both the fast curvature-dependent rate and the curvature-free rate.
" Implicit stability without projection. With probability at least 1 — 4,

(%
ap 18:s < Rovwe = ple.d) max{ueo 0%, 67, —} |
t=>0 gboo

where p is independent of w. Hence bounded gradients are proved from the TD recursion rather than imposed
by a projection radius.

Reinforcement Learning

= state space S,
= action space A,
= transition probability P(s'| s, a),

= reward function r(s, s'),

= discount factor v € [0, 1).

A policy p specifies an action distribution p(a | s). Starting from an initial state s, the system
evolves according to

ar~ p(-|s), s~ P s ),

and collects r; = r(ss, s¢41) along one trajectory. Under irreducibility and aperiodicity, the
state chain has transition matrix P*, where PH#(s,s’) .= S,cap(a | s)P(s' | s,a), and a unique
stationary distribution d*. Its transition chain Z; = (s, s¢11), with transition kernel P, and
stationary law 7y, satisfies, for some 1, > 1, the geometric mixing property

Sup HP%(Z, ) — WZHTV < 4 2 /T k> 0.

Temporal Difference Learning for Policy Evaluation

The goal of policy evaluation is to estimate
V“(S) — K, X:O’yt’r’t S) = S) Ay ~ ,_L( . ‘ St) .
t= _

For a large state space, use the linear épproximaﬁon
Vo(s) = ¢(s)'0,  ¢(s) eR”.

et @ € RIX? be the feature matrix, whose row for state s is ¢(s)", so that Vg = ®0. The TD
target 6* Is the unique solution of

®O* = 1Ip TH(PO), THy .= r¥ + yPtv, D = diag(d"),
where r#(s) .= g P¥(s, s )r(s, s'), and Ilp is the D-weighted projection onto span(®).

Given Z; = (s, st11), the unprojected linear TD(0) update is

011 =0+ ntg(eta Zt) = 0; + 77t5t¢(3t)7
where §; = ry +v@(si11) ' 0, — P(s;)' 0, is the TD error.

Mean TD Dynamics and the Stability Bottleneck

Stationary mean dynamics. For Z = (s, s') ~ my, define
g(0) =Ez.r,9(0, 7).

Then 6* is the TD fixed point:
g(6”) =0, (9(6),6" — 6) > w6 — 07,

where
w = (1 =) Anin(® "' DP) > 0.

Hence w quantifies the conditioning of the mean TD dynamics and controls the fast rate.

Why the sample-path analysis is harder than i.i.d. SGD. The iterate 6, is a function of the entire past Z,, ..., Z;_;,
while Z; is generated from the same Markov chain. Consequently, in general, the current noise g(0;, Z;) — g(6;) is
not conditionally mean-zero with respect to F; 1 = o(Zy, ..., Z;_1):

819(0:, Zy) | Fia] # g(6y).
The stability feedback loop. For every @ and state pair Z,

19(0, Z)||2 < roctroe + 2051602

A loose bound on ||8;||, makes the update bound loose, which feeds into 6,1 and can recursively explode. Projection-
based proofs break this loop by imposing a radius.

Main Results

Theorem: Single-stepsize unprojected TD(0)
Assume a finite, irreducible, aperiodic Markov reward process (MRP) with a full-column-rank feature matrix ®,
[p(5)]]o < oo, and |1 (s, s')| < ro. Forany é € (0,1) and sufficiently large ¢ = ¢(¢), run

1

= C Timix P2/t + Llog(t + 3)

et oo T—1 B 1 T—1
R = max{ueo 0, 67 —} C Rum = pRuws Sr=Smn Gr— 3 6,
<boo t=0 ST t=0

Here p > 2 is a fixed constant dependent of only ¢ and d. For the TD potential

F(0) — f(6%) = (1 —9)||Va — V|5 + 7| Vo — V||

where
2

1
lolp =0 Do, |Jolffy, =5 3 d*(s)P"(s,s") (v(s) — v(s))".
2 s,s'

With probability at least 1 — 9, simultaneously for every T > 1,
SUup HHtHQ S Rmaxv
£>0

and L 52
o\ ) Al D2 . ThixPoo TmixPoo |
F(Br) = £(8") < O Ripmin{ T, Trfx )
Comparisons
Algorithm Design Guarantees
Rate Paper . ——— : : —
Extra inputs No projection Optimal dependence on w High probability
Bhandari et al. [2018] W X v X
Srikant and Ying [20192]  w, ||07|]5 v v/ X
Patil et al. [2023] — v v X
O(1/T) = Samsonov et al. [2024] — v v v
Mitra [2024] W v v X
LI et al. [2025] W e v X
Our work — v e e
Bhandari et al. [2018] — X v X
—~ Liu and Olshevsky [2021] — X v X
OU/VT) ™" g n et al. [2021] - X X X
Our work — v v v

Proof Idea: A Poissonized Self-Bounding Bootstrap

1. Induct on the past; use 6, — 6* as the surrogate. Let

e = Ht — 9*,
and assume only
IH,_ : max |[0;]lo < Ryjax.
t—1 0<i<io1 || z||2  Llmax

Expanding around the fixed point yields
t—1 t—1 t—1
ledl = lleolls + > nllg(6s, Z)|15+ 2" n:{g(6;), 0: — 6°) + 2> nihi( Z;)
i=0 i=0 i—0
< |leo|l5 + Q: + 2B,
t—1 t—1
Qi = nillg®:;, Z)ll5,  Bi=7 nhiZ),
i=0 1=0)

where
hi(z) = <9(9¢7 z) —g(6;), 0; — 9*>7

and
(9(6:),6, — 6") <0.

Every iterate-dependent term on the right uses only 8; with ¢ <t — 1. Under IH;_;,
Hg(027 Z)HQ < 3¢<2>0Rmaxa ||ez ‘2 < QRmax; 27722 < Q.
i>0

Thus, if By is uniformly controlled, the bound on the new iterate follows from ||8;||> < ||e:||o + [|0*]|5.

n]

2. Poissonize the only hard term B;. Freeze the past iterate 6,. Since Ez..,|h;(Z)] = 0, define

(Pyu)(z) = Elu(Z,) | Zy = z|, u; — Pzu; = h;, ui(2) = Zio%)(lf’éhz)(z)

Geometric mixing gives
|illoo < 167mix|[hi| o

The Poisson identity decomposes one Markov-noise term as
hi(Zi) = ui(Ziy1) — (Pzui)(Zi) + ui Zi) — ui( Ziv1) -

~

A]\Z—H boundary remainder
Moreover, IH,_; implies
||hZHOO 5 ¢20R12nax — HUZHOO 5 THHX¢§ORI2I1&X'

Hence )
ZAIWZ < as : E ZAIWZ 2 < OX.

With M, = Y120 miAM; ., Pinelis’ inequality therefore controls sup, | M;| with high probability.

3. Summation by parts makes the remainder past-only. Write B, = M; + R;. An equivalent Abel decomposition is
t—1

Ry = UOUO(ZO) — 77t—1ut—1(Zt) — Z(m—l — 77i)%—1(Zz')
i=1

-1
+ 2_:1 ni (Uz — Uz—1) (Z;).

The first three terms use bounded wu;, while the last term uses local Lipschitz continuity together with

0, —0,_, = 77@—19(6%—1, Zi—l);
which gives
Hul — uz’—luoo ,S TmiX¢iOR12nax77’i—1°

Thus, Ry = O(mui B2, /c+ R*._/c?), which is small for large c.

4. Close the self-bounding bootstrap. Combining the quadratic, martingale, and remainder bounds gives, with high
probability, for some finite constants A;(d) > 0 and Ay > 0,

2 2
10,2 < <4 : Ai(0)p : Asp

c c?
for a sufficiently large stepsize multiplier ¢. Hence IH;,_; = IH,.

max?

) R%)ase S IOZRIQDELSG — R2
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